Bulletin of the Seismological Society of America, Vol. 84, No. 5, pp. 1456—1472, October 1994

An Efficient Method for Computing Green’s Functions for a Layered

Half-Space with Sources and Receivers at Close Depths

by Yoshiaki Hisada

Abstract We propose an analytical method to compute efficiently the dis-
placement and stress of static and dynamic Green’s functions for viscoelastic
layered half-spaces. When source and receiver depths are close, it is difficult
to compute Green’s functions of the layered half-space, because their inte-
grands, whose variable of integration is the horizontal wavenumber, oscillate
with only slowly decreasing amplitude. In particular, when the depths are equal,
it is extremely difficult to compute the stress Green’s functions, because their
integrands oscillate with increasing amplitude. To remedy this problem, we first
derive the asymptotic solutions, which converge to the integrands of Green’s
functions with increasing wavenumber. For this purpose, we modify the gen-
eralized R/T (reflection and transmission) coefficient method (Luco and Apsel;
1983) to be completely free from growing exponential terms, which are the
obstacles to finding the asymptotic solutions. By subtracting the asymptotic so-
lutions from the integrands of the corresponding Green’s functions, we obtain
integrands that converge rapidly to zero. We can, therefore, significantly reduce
the range of wavenumber integration. Since the asymptotic solutions are ex-
pressed by the products of Bessel functions and simple exponential functions,
they are analytically integrable. Finally, we obtain accurate Green’s functions
by adding together numerical and analytical integrations. We first show this
asymptotic technique for Green’s functions due to point sources, and extend it
to Green’s functions due to dipole sources. Finally, we demonstrate the validity
and efficiency of our method for various cases.

Introduction (Description of the Problem Using
a Spherical Wave)

We first explain why there are difficulties in com-
puting the displacement and stress Green’s functions,
when the source depth is equal or close to the receiver
depth. We illustrate this problem with a spherical wave,
noting that any 3D wave field can be expressed as a su-
perposition of spherical waves via Huygen’s principle.
A dynamic spherical wave can be decomposed into cy-
lindrical waves using the Sommerfeld integral (see, e.g.,
Aki and Richards, 1980)

1 exp(i 9R> = J [E exp{—vlz — hl} Jo(kr)]dk
R c o LV .
2
R=V~P+@c—-hW, V=kK- (9) ,Re(v) =0, (1)
C

where h and z are the depths of source and receiver,
respectively, r is the horizontal distance between the

source and the receiver, c is the velocity of the medium,
o is the circular frequency, J, is the Bessel function of
the order 0, and the variable of integration (k) represents
the horizontal wavenumber. In order to obtain stresses,
we need to differentiate equation (1) with respect to z or
r. For example, the derivative of equation (1) with re-
spect to r gives us

R )R\
N3
= f [— exp{—v|z — hl} Jl(kr)]dk. 2)
o LV

When the source depth is equal to the receiver depth (A
= z), equations (1) and (2) are expressed as
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1 @ k

—expli—r]= — Jo(kr) pdk 3)

r ¢ o v
1 w1 W K
—-—i—]-expli—r]= — Jy(kr) rdk, (4)
r c)r c o LY

respectively. The integrations here are more difficult to
compute than those of equations (1) and (2), because the
decaying exponentials (exp{—v|z — A[}) of equations (1)
and (2) disappear and their integrands oscillate with slowly
decreasing and increasing amplitudes, respectively, with
wavenumber.

The same problem occurs when computing the
Green’s function of the layered half-space, as described
in Apsel and Luco (1983), Herrmann and Wang (1985),
Chang (1988), and Herrmann (1993). In order to remedy
this problem, two techniques have been proposed. Chang
(1988) proposed “the repeated averaging method,” tak-
ing advantage of the well-behaved damped-oscillating
property of the latter part of the integrand of the dis-
placement. This method is stable but is rather time-con-
suming because a set of accurate peak and trough values
in the damped-oscillating part are required to determine
the average value. For computing the stress, this method
is probably unstable because of the increasing-oscillating
property. An alternative, more analytical, method is pro-
posed by Apsel and Luco (1983), who take advantage
of the fact that the integrand of the dynamic Green'’s
function converges to that of the static Green’s function
with increasing k.

We shall explain Apsel and Luco’s (1983) idea us-
ing our example. The static solutions corresponding to
equations (1) and (2) are expressed as follows, by im-
posing w = 0

Lo
P j lexp{—k|z — Al} Jo(kr)]dk (5)
R 0

1% = J [k exp{—k|z — h} J,(kr)]dk. (6)

0

It is clear that the integrands in equations (1) and (2)
approach those in equations (5) and (6) as k increases.
Therefore, subtracting equations (5) and (6) from equa-
tions (1) and (2) and rearranging, we have

lexp(z’gR) =f [{I—{exp{-ﬂz — hf}
R c o v

— exp{—klz — h|}} Jo(kr)]dk + % (7
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() [
z o) gexplisR) = ) —exp{~ vz
— exp{—Kjz — h|}} le(kr)]dk + 1%’ (8)

respectively. The above integrands quickly converge to
zero with wavenumber, even for A = z. In fact, when h
is equal to z, equations (7) and (8) become

1exp(igr) =f I:{-IE— I}Jo(kr):ldk+1 9)
r c 0 v r
(i) el 2)
~—i—|)-expli—r
r c/r c
=J [{'—‘— l}kjl(kr)]dk+—15. (10)
o v r

We find the { } parts in the above integrands converge
to zero with increasing k. Thus, we can significantly re-
duce the integration ranges as compared with those of
equations (1) and (2), particularly when the source depth
is the same or close to the receiver depth.

The main problem with this method is that there is
no analytic integral solution of the static part of the Green’s
function for a general multi-layered half-space. Apsel and
Luco (1983) approximate this by the static solution of
the homogeneous half-space with the same material
properties as the layer that includes the source, although
the convergence is slow. Herrmann and Wang (1985)
and Herrmann (1993) improved Apsel and Luco’s method
by finding numerically approximate asymptotic solutions
using Haskell’s propagator matrix.

The purpose of this study is to develop Apsel and
Luco’s (1983) method by finding theoretically appropri-
ate asymptotic solutions. To do this, we first derive in-
tegrands of the static and dynamic Green’s functions
without the growing exponentials, which hinder analyt-
ical formation of the asymptotic solutions. Second, we
describe the procedure for computing Green’s functions
due to point and dipole sources. Finally, we check the
validity of our method using a layered half-space model.

An Efficient Method to Compute Green’s
Functions of Layered Half-Space

Static and Dynamic Green’s Functions Due
to Point Sources

In order to find an analytic form for the asymptotic
solutions of the integrands of Green’s functions, we need
static and dynamic Green’s functions that do not have
growing exponential terms. For this purpose, we adopt
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the generalized R/T (reflection and transmission) coef-
ficient method (Luco and Apsel, 1983) and the stress
discontinuity representations (Harkrider, 1964; Haskell,
1964) to express the boundary and source conditions,
respectively. The R/T coefficient method is well known
to be much more numerically stable than other conven-
tional propagator matrix methods (e.g., Haskell, 1953),
because it avoids growing exponential terms by intro-
ducing the R /T coefficients of the up/downgoing waves
in each layer. Kennett (1974) and Kennett and Kerry
(1979) first proposed this method for 2D and 3D cases,
respectively. In this study, however, we adopt the other
version of the R/T coefficient method by Luco and Ap-
sel (1983), because of the following two reasons. First,
its form is simplified by introducing “the generalized R/T
coefficient,” and its physical meaning is clearly under-
stood. Second, they derived the explicit static solution
of the R/T coefficient. The static solution requires con-
sideration of the singularity of the coefficient matrix,
which is caused by the disappearance of differences be-
tween terms associated with P and § waves. Because of
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Figure 1. The multi-layered half-space model
considered in this study. Point sources are located
at (0,0,A) in the Sth layer, with the vector com-
ponents (Q,,0.0), (0.0,,0), and (0,0.Q,) in the
Cartesian coordinate system. The receiver is lo-
cated at (r,0,z) in the jth layer, with the displace-
ment components (U,,U,,U,) in the cylindrical co-
ordinate system.

Y. Hisada

this simplicity, together with the numerical stability up
to very high frequencies, the generalized R/T coefficient
method by Luco and Apsel (1983) has been widely used
to compute not only Green'’s functions (e.g., Chang, 1988;
Chin, 1992) but also the normal modes solution (Chen,
1993). However, Luco and Apsel’s formulation includes
growing exponentials in the source terms and has nu-
merical instabilities at very high frequencies and/or large
wavenumbers. To avoid this problem, we adopt “stress
discontinuities” to express the source conditions, as shown
by Kennett and Kerry (1979), and derive Green’s func-
tions without exponentials growing with wavenumber and/
or frequency.

Figure 1 shows a layered half-space consisting of
horizontally flat N layers overlying the homogeneous half-
space. Point sources and a receiver are located at (0,0,4)
and (r,0,z), respectively, in the cylindrical coordinate
system. We assign the layers with the source and the
receiver to the sth and jth layers, respectively. Assuming
the time-dependent term as exp(—iwt), static and dy-
namic Green’s functions at the receiver will be the fol-
lowing forms:

Ulz)(r.0.z;h) = f {Vf;(x)(z;h) )
Y 0 Y dkr

) J(kr) cos @
+ HJIG)(z;h) dk

kr sin @

_ ) (cos 0)
B u,(:yc)(r,z, sin 0

UlAr,8,2;h) = — f {Viz:h) J,(kr)}dk
0

_ N Jy(kr)
U(x)(r.0,z:h) = N Viz)(z:h) .
0

+ Hlon(ah d.l,(kr)}dk <sin 0)
R dkr cos 6

(7Y, ) sin @
B + ue(;)(r,z,h) cos

Ui (r,0,2;h) = 0

Uf;(x)(r,(),z;h) = —f {ij(x)(z;h).]l(kr)}dk (C?S 0)
¥ o Y sin 0

= —u(x)(r,z;h) <COS 0)
Y sin 0
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UlLr,0,z:h) = — f {Viu(z;h) Jo(kr)}dk. (1D
0

for displacement, and

o L(z)(r,0,z;h) = j {Va(x)(z p 224D
> 0 dkr

h Jy(kr )}dk (cos 0)
Hg)@h) sin 0

a-{'zz(r,07z;h) = —f {V]?;z(z;h’) Jl(kr)}dk
0

; N[ l(kr)
0'91(§)(r,0,z;h) =+ i V3(x)(Z h)

1(kr)}dk (sin 0)
cos 6
0 r,0,2:) = 0

. (L cos 0
O (3)(r,0,2:h) = — J; { W)k Jl(kr)}dk (Sin 0)

0lAr,0,23h) = — f {Vi(z:h) Jo(kr)}dk
0

+ Hix)(z:h)

12)

for stress. In the above equations, U,, Uy, and U, are the
components of displacements in the cylindrical coordi-
nate system, and o,,, 0y,, and o,, are those of stresses
on the plane normal to the z axis. The superscript j rep-
resents the jth layer, and the last subscripts x, y, and z
correspond to the solutions due to the point sources with
vector components (Q,, 0, 0), (0, 9,, 0), and (0, 0, @)
in the Cartesian coordinate system, respectively. Within
the parentheses, the upper and lower values are allotted
to the solutions due to Q, and Q,. J, and J, are Bessel
functions of orders 0 and 1, and the variable of integra-
tion (k) represents horizontal wavenumber. H’, and HY
and V% — V7, are “the displacement-stress vectors” (Ken-
nett and Kerry, 1979; “the motion-stress vectors” in Aki
and Richards, 1980; “vertically polarized waves” in Luco
and Apsel, 1983) for SH and P-SV waves, respectively,
which depend on z, k, k, and the source and boundary
conditions. The explicit forms of the displacement-stress
vectors, which do not have growing exponentials, are
given in Appendix A.

Asymptotic Solution of Green’s Function

We find the asymptotic solutions of Green’s func-
tions at large wavenumbers. Since our main concern is
the case when the source depth is equal or close to the
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receiver depth, we assume the source and the receiver
are located in the same jth layer for the derivation of our
equations. Later, we shall numerically check the validity
of these equations for the cases when the source and/or
the receiver are located on a boundary between layers
and/or in different layers. As shown in Appendix B, the
displacement-stress vectors for very large k converge to
the following forms:

H'\(z:h) = H' (z;h) = B, exp{—kz — hl}
{vflq(z;h)} _ { ‘f;q(z;h)}
Vi (z:h) Vh(zsh)
Vi, + KV
= { g IZq} exp{—k|z — hl},
Vi, + kVi,
(g==x,y,0rz)
Vl2g = Vg =0,forz=h (13)
for the displacement vectors, and
H(z;h) =~ HYy(z;h) = Hik exp{—Kz — h|}
{Vé.,(z;h)} _ [Vizh
Vi(z:h) Vi (z:h)
iy + KV
= { 2l 32q}k exp{—k|z — A|},
V4lq + k 42q
(g=x,y,o0rz)
Vg, = Vi, = 0, forz = h (14)

for the stress vectors, where the values with upper bars
in the right-hand sides of the equations are constants,
which we show later how to determine.

Substituting the asymptotic solutions (13) and (14)
into the corresponding displacement-stress vectors of
equations (11) and (12), and by analytic integration us-
ing the relations given in Appendix C, we obtain

Ss

L g S4 (cos 0) . (CDS 0)
xy — = ur X .
16) r } \sin 6 ) sin 6

lj’;z(r,B,z;h) { 11zS5 + leleG}
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t

., . 8 - S

Uy)(r,0:2:h) = <+){ ) Tt Vi

crofs- 2}
O\ r cos 6

(oo (o)

+ "o) cos 6

U’ 0,z;h) = —{V5(»Ss + V4 cos 0
z(’y‘)(”, ,z;h) {Vzl(;‘) 5 ZZG)SG}

sin 6
j <cos 0)
= _uz x .
G) sin @

sz.z(rsaaz;h') = _{Vélzsl + VjZZZSZ}’

il

(15)

for displacement, and
5.0 7 Ss 7 S
Fr(@)r 0,50 =1 Va) | S2 = )+ Vi) | S~ -

+ g Ss (cos 0
6) r J\sin @

6-11"22(”,052;]1) = -{VéleG + VQZZS7}

54 ) = 5 S5 o S
0'92(;)(r,0,z,h) = n 31(;) ; + V32(§) 7
.y Ss sin 6

* HZ(;) 52 = 7 cos 6

&éz(;)(r,O,Z;h) = - V{;I(X)S6 + V{u(x)S7 (COS 9)
’ Y sin 6

&j;zz(raerz;h) = _{VIAIUZSZ + V{12253}7 (16)

for stress; see Appendix C for S, through S;.

Procedure to Compute the Green’s Function Using
the Asymptotic Solution

We describe how to compute static and dynamic
Green’s functions due to point sources, using the asymp-
totic solutions obtained above. This procedure is basi-
cally the same as Herrmann’s (1993).

First, we determine the constant values in equations
(13) and (14). We obtain those values by substituting z,
h, and large wavenumbers into the corresponding dis-
placement-stress vectors given in Appendix A:

H', = H’, (k) explklz — hl}

Y. Hisada
L Vi, () exoifle - )
== —_— 1 2 X 22 -
71y ok _(Z)q _ @#h
L = Vi, () explhilz — Al
=0, (z=h
7 {= V{n)e (k) expllilz — Al — kiVi{gy, (27 )
O 1= vigy®. (z=h)
a7
for the displacement vectors, and
P -
H3, = = Hiy(k) explllz — hl}
R N £
T rTlE V{3)dko) explkylz — hl}
7i r —
Vi) 1 - 7{—_1 Vj(z)q(lﬁ) explk|z — h|}} (z#h)
=0, (z=h)
| — —
= Vig)otko explhilz — bt =k Vig)s, (27 h)
Vj(z)lq ) 11
==V{5)®, (z=h)
Lk

(18)

for the stress vectors, where k, k,, and k, are large
wavenumbers much greater than the Rayleigh and Love
poles and the branch points, satisfying the following
conditions:

k, k,, and k, > max({real (k}; or k%,)},

(j=1,2,...,.N+1) (19)
and k, # k,.

Second, subtracting asymptotic solutions (13) and
(14) from the corresponding displacement-stress vectors
in equations (11) and (12) and adding the analytic in-
tegrations (15) and (16) to the outsides of the integrals,
we obtain the final solutions

o

. ] 7J dl]
Ul )(r,0,2:h) = J' I:{le(;) ~- Vi) dkr

0

; i Jy cos 6 i
+ {H,(;) - HlG)}k_r dk Gin 0 + U,()yc)

UlAr,0,z:h) = — J {V4. — VA ,(n)ldk + U,

0
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U{,(;)(r,ﬂ,z;h) = <;>f [{V1(y) - ﬁ(;)}i_:

sin @

+ {H Q) Hl(ch)} —c—lz;‘]dk(cos 0) + U{,(Jyr)

U’Z'(ayc)(r,e,z;h) = f [{Vz(y) - Q@)}Jl(kr)]dk

) (cos 0) L
sin 6 )
Ui(r,0,z;h) = — f [{V4 — Vi) Jotkn)ldk + U, (20)
0

for displacement, and

J — i j 7i a
O r(3)(r,0,z:h) = i Vi@ - Vs(;)}dT

cos 6

* {Hé(;) - (Y)} kr]dk( sin 0) " Grz(Y)

O-]r"zz(rvosz;h) = —j [{VJC"Z - }Jl(kr)]dk + O'rzz
¢

j N[ i PREL
Ta()r0.zh) = | ) Vi) — Vit
sin 0 _;
+ {H} 2(2) ~ H 2(x)} % dk cos 0 + G 5:(3)

oL (x)r.8,2;) = f (Vi) — Vi Jikn)ldk
(cos 0) N
sin Uzz(“)

o-j;zz(rsesz;h) = _f [{V}‘tz - }JO(kr)]dk + o-zzz’ (21)
0

for stress. Since the { } parts in the above integrands
converge to zero with increasing wavenumber, we can
efficiently carry out the numerical integrations.

Green’s Functions Due to Dipole Sources

We show the procedure to obtain Green’s functions
due to dipole sources using the asymptotic technique
presented above. Those Green’s functions in the fre-
quency domain are expressed in the Cartesian coordinate
system shown in Figure 1, as follows:
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Uk(o 0 h) MpU]zk,](r 0 Z, h) tkj(x,y Z; h)a (22)

where the subscripts i, j, and k are vector components
in the Cartesian coordinate and the summation conven-
tions are used for them, a comma between subscripts is
used in spatial derivatives at the point (x,y,z), M is the
moment tensor (see, e.g., Aki and Richards, 1980). To
make direct use of the asymptotic solutions obtained
above, we do not use the reciprocity theorem in equation
(22). Therefore, Uy is the displacement at the source lo-
cation (0,0,k) in the sth layer, due to the moment tensor
applied at the receiver location (x,y,z) in the jth layer.

Green’s functions in the cylindrical coordinate sys-
tem, given in equation (11), are transferred to those in
the Cartesian coordinate system as follows:

1= U, cos § — U’y sin 0
Ul = Ul sin 0 + U’y cos 6. (23)

The spatial derivatives of equation (23), which are re-
quired in equation (22), are

Ulp; = Ul cos 0+ Ul (cos 6)
— Uy sin 6 — U’y (sin 6)
Ulp; = Uljsin @ + Uy (sin 6)
+ Ulyjcos 8 + Uy (cos 6) (24)
for j = x or y, and
Uy, = Uy, c08 0 — Uly,sin 6
Ul = Uy, sin 0 + Ul , cos 6 25)
where
cosB=J—c, sin0=X, r=ViZ2+y
r r
(cos 0) , = sirf 0, (sin 9), = cos” 0
(cos §) ,=(sin ), = —M. (26)

The spatial derivatives of Green’s functions in the
right-hand sides of equations (24) and (25) are obtained
from equation (11)
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[ {2 i (2) ]
"G 0 1G) dkr/ ; 6 kr/ ; sin @
i cos 6
* “G) sin 8/ ;
U{*z,j = _f {V{Z(Jl),j}dk
0
N ) V) ol + H ] dk
+ . 13) kr/ 1) dkr/ |
'<sin 0) vyl (sin 0) ]
cos 6 o) cos 0/ ;

. s cos 0
Uz(’y‘),j == [J; {Vz(;) (Jl),j}dk< sin 0)

by (cos 6) ]
wny | .
) sin 0/ ;

Uj;z,j = ——J' {VJZZ (JO),j}dk
0

Ub(s).

@7
for j = x or y, where u), is defined in equation (11),
and

il J A o) Jikr o () dllk
_— - -, .= — r.’ ;= e KT .
der 0w Y T S ey

J ; J
()~ 2)
krj ; r kr

djl r,j Jl
e = - J0—2—+er1
dkr/ ; r kr

r,=cos#,

I
|

(28)

r, = sin 6.

We also obtain

U = | vy 2+ i, 2 (<
()= = . 1(3)= dkr 1) k sin 0

U{‘z,z = _f {lez,z Jl}dk
0

- ” . Jl : d’l Sin 6
Vll(x)z_ + Hjl(x)z—* dk
+/ Jo Y7 kr Y7 dkr cos @

, - cos 0
Ui =~ fo Vi) ik (Sin 0)

UsG)-

Y. Hisada
U]z.z,z = _J’ {Véz,z JO}dk (29)
0

_ We obtain HY;,, V%, and V’, in equation (29) from
HY,, and V¥, through V%, in equation (11) and (12) and
Appendix A using the following relations:

. 1
Hjlk,z = _jHJZb (for k =Xxor y)r (30)
W
and

j =
Vlk,z -

y L+ kV,

(fork = x,y, or z), 3D

where w’ and X are Lame’s constant of the jth layer. For
the derivation of the above equations for the 2D case,
see equations (7.20) through (7.27) of Chapter 7 in Aki
and Richards (1980). It is easy to confirm that the same
relations are true for the 3D case.

Using a similar procedure used from equation (13)
to (16) plus equations (30) and (31), the wavenumber
integrations of the asymptotic solutions in equations (27)
and (29) are analytically derived as follows:

Ui = rid=VhgSs + ViayS) — Bg) + Ayl
. (cos 0) e (cos 0)
sin 8 ) sin 9/ ;

. . . 1 .
Ujrz,]' = _r,j{VJlleZ + Vi3S — = ﬁjzz}
r

y - - sin 0
Tagra =\ ) |70 B0 ~ HySe ~ 460 oo
L (sin 0) ]
“G) cos 0/ ;
N N . 1 y cos 6
U)o = ~| 7| VoS + Va()S ~ T8 (\ 4o g

4 g (cos 0) ]
W,(x
) sin 9/ ;
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Uj;z,j =r; {ijles + Vjézzs7} (32)

for j = x and y, where ﬂﬁ,q is defined in equation (15),
and

2
A(y) —H 1%) <S1 — —54)

1 2 2
B(;) = ; V”(x) S, - —S4 + Vlz(x) - ;S5>}.

(33)

We also obtain

7i 1 7 7 S5 1 7i
U= \@ "0 2o )\ 7)) T 5 V=0
"y Ss 1 .. Ss)/cos@
FVag ST GO T o
Ujrz,z == o Vj312 + Vjle S6 +|— V]322 + V]22z S7
w I
- - 1 Ss 1
Uo(’y‘),z = + " V31(x) + V21(x) — + 32(x)
Se 1 Ss sin 6
* sz(x) r + _Hz(x) S cos 8

Ul = rTw {(Vha) — ¥Vh)Ss
+ (V42(") - 2("))S7}( sin 0)
Uiz,z = _/\J +op j{(V4lz - NVuz)Sz + (V42z Alezz)Ss}
(34)

Finally, we obtain Green’s functions due to dipole
sources using the following procedure. First, we deter-
mine the constants HJ, and V’, using equations (17) and
(18) and construct the asymptotic solutions (13) and (14)
plus (30) and (31). Second, we subtract the asymptotic
solutions from the corresponding displacement-stress
vectors in equations (27) and (29), and numerically carry
out the wavenumber integrations. Finally, we obtain the
Green’s function (22) by adding the analytical integra-
tions (32) and (34) to the corresponding numerical in-
tegrations.

We confirmed that our Green’s functions due to point
and dipole sources agree well with those by a numerical
code based on Haskell’s propagator matrix method, which
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was derived from Harkrider (1964). We also confirmed
that the former is much more numerically stable than the
latter, although we will not show those results here be-
cause of limited space.

Results

We shall test the effectiveness of our method for
various source-receiver configurations, using the model
shown in Figure 2. We show here only the cases for
point sources. We also have similar results for dipole
sources but we do not show them because of limited space.
This model consists of two layers (shear-wave velocities:
B = 1 and 2 km/sec) overlying a homogeneous half-
space (8 = 3 km/sec). For the cases from 1 to 5, we
show only the results of selected displacement-stress
vectors and total integrands (the products of the displace-
ment-stress vectors and Bessel functions) for the circular
frequency (w) = 1, since we have obtained almost same
conclusions for the other cases we tried. In the final case
6, we compare the values of Green’s functions obtained
by the original integrations [equations (11) and (12)] with
those by the use of the asymptotic solutions [equations
(20) and 1 (21)]. In all cases, except case 3, we take k,
k;, and &, of equations (17) and (18) as the following
values:

k, = 50 real (k) =~ 0.05,

" 1st layer :
: ‘(p-2 g/cm3 a—2 km/s ﬁ—lkm/s Q—50)

Z

Figure 2. The layered half-space model to check
our method. In the following computations, we
use a point source with @, = Q, = Q, = 1 for the
case of w = 1.
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k=T, = 60 real (k}) =~ 0.06

which are large enough to construct the asymptotic so-
lutions (13), (14), (17), and (18). ‘

Case 1 (Displacement-Stress Vectors for the
Source on the Free Surface)

In the first case, we fix the source at the free surface
(h = 0) and locate the receivers at two different depths
(z = 0 and 100 m) for displacement and four depths (z
= 0, 10, 100, and 500 m) for stress. Since the imaginary
parts of the displacement-stress vectors quickly converge
to zero without the use of the asymptotic technique, we
only show the results of the real parts in this and the
subsequent cases from 2 to 5. Figure 3 shows wavenum-
ber versus the real parts of the displacement vector V,.
Solid lines represent the original vector V,, and the dashed
and dotted lines correspond to the vector with the asymp-
totic technique (V%, — V4.), which is referred as “our
method” in the figure. When the source and the receiver
are located at the same depth ( = z = 0), the original
vector V%, converges to a constant as the wavenumber
increases beyond the peaks and troughs corresponding
to the Rayleigh poles. When the receiver depth is close
to the source depth, the same vector slowly decreases as
an exponential function. These properties are expected
from equation (13) and Appendix B. In contrast, the vector
by our method (V4, — V4,) quickly converges to zero in
all cases.

Similarly, Figure 4 shows the stress vector V%,. Solid
lines represent the original vector V4, and the other kinds
of lines correspond to the vector V4, — V7, for various

_‘
i
]

1.5x10™7

1077
:

J‘ i Our method (z = 0 and 100 m) 1

5x1078

g
-
f
£
f

Original (z = 100 m)

Displacement vector Vi, (veal part; unit: m? sec)
~5x107%
T
&

Original (z = 0 m)

-10~7
o

1 1 1 —
2x1073 4x1073 6x10™3 8x107°

‘Wavenumber (unit: 1/m)

Figure 3.  Wavenumber versus the real parts of
the displacement vector V5, for case 1 (the source
depth, A = 0). The solid lines represent the orig-
inal vector V4,, and the dashed and dotted lines
show the vector by our method (V4, — V%,). Note
that the dashed and dotted lines share almost iden-
tical trajectories, and quickly converge to zero with
increasing wavenumber.

Y. Hisada

depths of the receiver. When the source and the receiver
are located at the same depth, the original vectors di-
verge, as expected from equation (14) and Appendix B.
However, the vector by our method quickly converges
to zero for all cases.

Case 2 (Displacement-Stress Vectors for the
Source at the Middle of a Layer)

In this case, we fix the source at the middle of the
first-layer (h = 500 m) and take the receiver at various
depths. Because we obtained the almost same results to
those of the case 1, we show just one stress vector. Fig-
ure 5 shows the original vector V7, and the vector Vi,
— V.. Similarly to case 1, the latter quickly converges
to zero beyond the Rayleigh poles.

2x1073

1

Original (z =0 m) |

1073
Y

T Original (z =10 m) |
Original (z = 100m)

Original (z = 500 m)

|

1 £
\ \ Our method (z = 500 m)

Our method (z = 100 m)
Our method (z = 0 and 10 m)

o]

Stress vector V4, (real part; unit: t/sec)

7
[=] I L
To 2x107 4x107? 6x1072 8x107%
‘Wavenumber (unit; 1/m)
Figure 4. Same as Figure 3 but for the stress
7
vector V4.
1
(=]
; l: L T T T
o~

107*
.

Our method (z = 500 m)
Original (z =510 m)

Stress vector Vi, (real part; unit: t/sec)
[

—107*

Original (z = 500 m)

| - 1
sx1072 &x10~?

‘Wavenumber (unit: 1/m)

Il '
0 2x107% 4x107%

Figure 5. Same as Figure 3 but for the stress
vector VY, in case 2 (& = 500 m).
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Case 3 (Displacement-Stress Vectors for the
Source Close to a Boundary between Layers)

In our third case, we fix the source 50 m above the
first boundary (2 = 950 m) and locate the receivers at
two different depths (z = 950 and 1050 m) for displace-
ment and three depths (z = 950, 960, and 1050 m) for
stress. Note that the receiver at z = 1050 m is located
in a different layer from the source layer. We found that
the values for k, k,, and %, given earlier were not large
enough to construct the asymptotic solutions (13) and
(14), because of the waves reflected from the boundary
close to the source, which are neglected in the solutions.
Thus, we use the following larger values in this case:

k, = 200 real (k) =~ 0.20,

g
aor ]
E- Original (z = 1050 m) Original (z =950 m)
g
Z
5
B o e
3 -
= Our method (z = 1050 m)
:' T Our method (z = 950 m)
= o i -
g7
g
£
87
< O
N
(o3|
. . ‘ s s i
Q 5x1073 0.01 0.015 0.02 0.025 0.03
‘Wavenumber (unit: 1/m)
Figure 6. Same as Figure 3 but for the dis-
placement vector V4, in case 3 (& = 950 m).

7 T . \ . . 1

ol

5

Original (z = 1050 m)

1073

Original (z=960m) 7|

o

Our method (z = 950 m)
Our method (z = 1050 m)

Stress vector Vi, (real part; unit: t/sec)
—1073

—2x107%

Original (z = 950 m)

1 1 L L 1 L

Q 0.02 0.04 0.06 0.08 Q.1 0.12
Wavenumber (unit: 1/m)

Figure 7.

. Same as Figure 6 but for the stress
vector V7,.
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k =k, = 210 real (k};) = ().21.

Figure 6 shows the displacement vector Vi, and
V4, — V.. Similarly, Figure 7 shows those of stress vec-
tor V/,. Although both vectors by our method V4, —
/i and (V4 — V4) converge to zero much more quickly
than the originals (V;, and V%), even for z = 1050 m,
the rates of convergence are much slower than the pre-
vious two cases; note that the scales of the horizontal
axes in the two figures are larger than those in the pre-
vious figures. As mentioned above, this is because of
the reflected waves; their amplitudes converge slowly to
zero with wavenumber in this case, as shown in equation
(B3) and (B4) in Appendix B.

Case 4 (Displacement-Stress Vectors for the
Source on a Boundary between Layers)

We check the case for the source located on the
boundary between the second layer and the underlying
half-spaces (h = 2000 m). All displacement-stress vec-
tors quickly converge to zero. As an example, Figure 8
shows the case for a stress vector. This indicates the va-
lidity of equations (13) and (14) in this case.

Case 5 (Total Integrands of Green’s Functions)

Next, we show the total integrands of Green'’s func-
tions given in equations (11), (12), (20), and (21), which
are expressed by the products of the displacement-stress
vectors and Bessel functions. We choose the case for £
=500m,r=2000m, §=0,and Q, = Q,=Q, = 1.
Figure 9 plots the integrand of U., against wavenumber
for z = 500 and 550 m. The solid lines represent the
original integrands, and the dashed and dotted lines cor-
respond to the integrands minus the asymptotic solutions
for z = 500 and 550 m, respectively. The solid lines
oscillate with slowly decaying amplitudes, whereas the

107%

Original (z = 1990 m)

5x107*

Our method (z = 2000, 2010 and 1990 m)

Stress vector Vi, (real part; unit: t/sec)

.
e
s Original (z=2010m) -
ks
E L
| Original (z = 2000 m)
1 1
) 2x1073 4x1073 s><1’o‘3 8x1'0‘3
‘Wavenumber (unit: 1/m)
Figure 8. Same as Figure 3 but for the stress

vector V4, in case 4 (h = 2000 m).
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T T T T T " .
b
2 r -
X
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E:
u o =
Y —
3 1
o o
g ’ Our method \K&iginal (z =550m)
Bk (z = 500 and 550 m) Original (z = 500 m)
- o
- |
g
5
g
=
el |
|
L L 1 A Il 1 i
0 2x107°  4x107® 6x107°  &x107° 0.01 0.012 0.014

‘Wavenumber (unit: 1/m)

Figure 9. Wavenumber versus the real parts of
the integrand U’ for case 5 (h = 500 m). The
solid lines and the broken lines represent the re-
sults by the original and our methods, respec-
tively. The integrands by the original method show
slowly decreasing oscillations with wavenumber,
whereas those by our method show quick conver-
gence to zero.

dashed and dotted lines quickly converge to zero. Sim-
ilarly, Figure 10 shows the integrand of o,,. The orig-
inal integrand for z = 500 m has an increasing-oscilla-
tion, which is very difficult to integrate numerically, as
shown in case 6. The original integrand for z = 550 m
has an extremely slowly decreasing oscillation. On the
contrary, the integrands minus the asymptotic solutions
(dashed and dashed lines) quickly converge to zero for
all cases, which can be easily integrated.

Case 6 (Green’s Functions by the Original
Integration versus Those by Our Method)

Finally, we compare the final values of Green’s
functions obtained by the original integrations [equations
(11) and (12)] and those by the use of the asymptotic
technique [equations (20) and (21)]. We adopt the same
parameters used in case 5 and carry out the numerical
integrations using Simpson’s rule with increments of
0.000001 for wavenumbers between 0.000001 and
0.0006, and with increments of 0.0001 for wavenumbers
greater than 0.0006. We can use the larger increments
beyond 0.0006, because of the smooth oscillations of the
integrands beyond the Love and Rayleigh poles, as seen
in Figures 9 and 10.

Figure 11 shows the upper limit of the integration
range (maximum wavenumber) versus the absolute val-
ues of the three displacement components, |U. +
UL, + UL, Ui, + Us, + U, and |UL + U, + UL, and
the stresses components, o, + Op, + 01, |06 +
Oy + Ohs, and |0}, + oy, + 01|, for the case of z =
500 m. We computed those values using both the orig-
inal integration method and our proposed method. The

Y. Hisada
T r T T T T T
Original (z = 500 m)

Original (z = 550 m) \
3Ll
g2
£
g
="
Ei
E o =
.EE .'
g
g
E e

ot |
! Our method
(z = 500 and 550 m)
1 I 1 L 1 L 1
0 %107 ax107 Bx1070 ex1073 0.01 0.012 0.014
‘Wavenumber (unit: 1/m)
Figure 10. Same as Figure 9 but for o,,. The

integrands by the original method show increasing
oscillations with wavenumber, while those by our
method show quickly decreasing oscillations.

displacements by our method show faster and more sta-
ble convergence with increasing upper limit. The stresses
by our method quickly converge as the upper limit in-
creases, whereas those by the original method diverge.
Similarly, Figure 12 shows the displacements and stresses
in the case of z = 550 m. Again, we see much faster
convergences in the results by our method, especially for
the stresses.

Conclusions

We have proposed an efficient method for comput-
ing the static and dynamic Green’s functions for a lay-
ered half-space with sources and receivers at close depths.
We considered both point and dipole sources. There are
two main elements in this method. First, we can express
Green’s functions as the sum of two integrals, one being
soluble analytically and the other needing numerical
computation. Second, we can do efficient numerical in-
tegrations, because the integrands converge quickly to
zero as the wavenumber increases. We have compared
our method to others to confirm that our method can
significantly reduce the range of wavenumber integration
for all cases we tried.
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results by our method show much faster convergence.
References sion for lossy-elastic layered half-space due to surface force, Ph.D.
Thesis, University of Southern California, Los Angeles.
Aki, K. and P. G. Richards (1980). Quantitative Seismology, Theory Chen, X. (1993). A systematic and efficient method of computing
and Methods, Vol. 1, W. H. Freeman. normal modes for multilayered half-space, Geophys. J. Int. 115,
Apsel, R. J. and J. E. Luco (1983). On the Green’s functions for a 391-409.
layered half-space, part 2, Bull. Seism. Soc. Am. 73, 931-951. Chin, B.-H. (1992). Simultaneous study of the source, path and site

Chang, S. (1988). Complete wavefield modeling and seismic inver- effects on strong ground motion during the 1989 Loma Prieta



1468

earthquake, Ph.D. Thesis, University of Southern California, Los
Angeles.

Harkrider, D. G. (1964). Surface waves in multilayered elastic media;
Rayleigh and Love waves from buried sources in a multilayered
elastic half-space, Bull. Seism. Soc. Am. 54, 627-679.

Haskell, N. A. (1953). The dispersion of surface waves on multilay-
ered media, Bull. Seism. Soc. Am. 43, 17-34.

Haskell, N. A. (1964). Radiation pattern of surface waves from point
sources in a multilayered medium, Bull. Seism. Soc. Am. 54,
377-394.

Herrmann, R. B. and C. Y. Wang (1985). A comparison of synthetic
seismograms, Bull. Seism. Soc. Am. 75, 41-56.

Herrmann, R. B. (1993). Elastic wave Green’s functions for isotropic
layered media, in “Quantification of m;, for small explosions,”
Final Report PL-TR-93-2070, Phillips Laboratory, Hanscom Air
Force Base, Massachusetts.

Kennett, B. L. N. (1974). Reflections, ray, and reverberations, Bull.
Seism. Soc. Am. 64, 1685-1696.

Kennett, B. L. N. and N. J. Kerry (1979). Seismic waves in a strat-
ified half space, Geophys. J. R. Astr. Soc. 57, 557-583.
Luco, J. E. and R. J. Apsel (1983). On the Green’s functions for a

layered half-space, part 1, Bull. Seism. Soc. Am. 73, 909-929.

Appendix A
Dynamic and Static Displacement-Stress Vectors

We show here the dynamic and static displacement-
stress vectors in equations (11) and (12), which are com-
pletely free from the exponentials growing with wave-
number and/or frequency. We derive them using the
generalized R/T coefficient method (Luco and Apsel,
1983) and the stress discontinuity (Harkrider, 1964) to
express the boundary and source conditions, respec-
tively.

The dynamic displacement-stress vectors of the jth
layer (V,, and H,,) are expressed by the downgoing and
upgoing P and S waves in the following matrix form:

{Df(z;m} _ {E E][ W@ 0 ]{c{,m)}
Seh) LBy Ehll 0 M@l (Cw)

(Al)
where
. Vi (z:h . Vi (z:h
D(z:h) ={ (2 )}, Si(z3h) ={ o4 )},
Vi (z:h) Vig(z:h)
(g=x,yorz) (A2)
. Clialh) . Clalh)
C{i(h)={ : } CL(h)={ : } (A3)
clp(h) cug(h)
-1 7 -1 Ve
EY Bl | 7L 1 A -1
Ejy Eh] 2w, -wx' —2uvi WX
/-"ij _2M}'VJ“; /J'ij _2”1'1)1";

(A4)
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i(2) = [exp{—v{;(z ) 0 ]
e 0 exp{—vhz — 2"V}
— i (D _
Nz = [exp{ Vi@ = 2)} o ]
0 exp{—vh(z¥ — 2)}

(AS)
V= - K,

Re{¥i} =0, kK, =o/d, &=ad1-i/20))
V’,? =i — ki,
(Re {vj} =0,

Yo = vo/k,

k= /B, B'=p1—i/205)
vh = vi/k, x' =2k - ki/k (A6)
for the P-SV wave, and

D(z;h) = Hl(z:h),

Si(z:h) = Hiy(z:h), (g =xory) (A7)
Cith) = cig(h), Cih) = cp(h) (A8)
ol S P R

Ni(z) = exp{~vh(z — 2" ")},
NG = expl-wp® -2} (ALO)

for the SH wave. In equation (A6), o’ and Q’, are the
P-wave velocity and the quality factor of the P wave of
the jth layer, respectively, and 8’ and Q% are those of
the S wave. Note that the definition of (A4) is different
from those of Luco and Apsel (1983) or equation (7.55)
in Aki and Richards (1980), because of the difference
of the normalization of the down/upgoing coefficients
(A3).

In the case of the static displacement-stress vectors
(@ = 0), we need to modify equations (A4) through (A10).
Following the same procedure from equations (53) to (60)
in Luco and Apsel (1983), we obtain

[E’;I Eju]
ES Eh

1 1 1 1

| -1 1 & -1 -1
ki —3) 2k -k’ —3) 2k
k(! — 1) =2k ke —1) =2k
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1+ @/ay
- @y

) 1 0 -
(z) = [—k(z _ v 1] exp{—k(z — 2V}

(All)

. 1 0
j —_ D _
A(z) [~k(zw 2 1] exp{—k(z 2)} (Al2)

for the P-SV wave, and

Iy B I

. = ) . (A13)
EY E% -wk pk

(z) = exp{—k(z — V" ")},

A(z) = exp{—k(z? — 2)} (A14)

for the SH wave.

In equation (Al), the down/upgoing coefficients
C’; and C’, are determined from the source and boundary
conditions. In the following, we divide our formulation
into three cases.

Case 1 (the Down/Upgoing Coefficients for h # 0
and h = ZV7)

We first present the down/upgoing coefficients, in
the case of & # 0 and h = z% P (the source is located
neither on the free surface nor in the underlying half-
space). In this case, we divide the source layer (sth layer)
into the upper (S7) and lower () layer at the source
depth A, and consider them as two individual layers (see
Fig. 1).

First, since the downgoing waves only exist in the
underlying half-space (j = N + 1), we get

c¥t ={o}. (A15)

Second, we define the modified R/T coefficients
T?, R, T?, and RY (Luco and Apsel, 1983) for the
jth boundary between the jth and j + 1th layers

Ci=RPCL+ TP CiM?
ci =19 Ch+ RO CY,
(forj=1,2,...,N). (Al16)

For the free surface (j = 0), since the reflection coef-
ficients only exists, we define

C,=R9 . (A17)
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Using equation (A1) for the jth and j + 1th layers and
considering the continuity conditions of displacement and
stress, we obtain the modified R /T coefficients defined
above as follows:

RY = —(E2)™" Ex A(0)

[T&f" Ri”]z[EfJ‘ -EL | [EL —E';;‘]
Ry 19 LEN -En] |EL -ES
Alt'i(z(ﬂ) 0

0 A/

(forj=1,2,...,.N—1)

-1
oy e e
RPS T Legy

~E% E 12\,1 Ag(z(m)
__Third, we define the generalized R/T coefficients
TP, RY, T?, and R (Luco and Apsel, 1983) as fol-
lows:

}. (A18)

Cilly =T CiM'(w), Ci'(h) = RY CL'(h),

(forj=1,...,85-1 (A19)
Ci'(n) = TP Cih), Cith) = RP Cifh),
(forj=N-—1,...,95), (A20)

where S is the source layer. We can derive the gener-
alized R/T coefficients from the modified R/T coeffi-
cients using the following recurrence relations:

RO =R, (forj=0)
70 = (4 R RS0 79

RY = RO + T9 RIOTY,

(forj=1,...,85—-1 (A21)
for the layers upper than the source, and
T =T, RY =R, (forj=N)
19 = 4 - RO RY™) ' 1Y
RY = RY +TO Ry TY,
(forj=N-1,...,95 (A22)

for the layers lower than the source. I is the identity ma-
trix.

Fourth, in order to obtain the down/upgoing coef-
ficients of the Sth layer, we introduce “the stress dis-
continuities” (Harkrider, 1964) at the boundary between
the ™ and S layers to express the source conditions
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(ot =Lt * Lac
= + ,
S (h) S(h) AQ,

(@ =1x,y,0rz) (A23)
where
k 0 k 0
AQx — 2 * AQy — 29 i’
0 0
0
AQ, = k (A24)
Py Q.
for the P-SV wave, and
AQ, = k AQ, = k A25
Qx - 2 Qx: Qy - Yo Qy ( )

for the SH wave. Using equation (A1) for the §™ and §*
layers and considering (A23), we finally obtain the down/
upgoing coefficients of the two layers

Cit=@®B"D'-B")"'AQ, (q=x1y,o0rz)
Ca'(h) = D* C7 (),
Ci () =RV Cu (),

Ci(h) = RD C3(h), (A26)
where

AT =EL AT WRSV + EY,

A% =EY + EL AT RY

B =E3 A; (WRY™V + E3,,

B =E3 + En AL (W RY

DS = (A7 A%, (A27)

Finally, we obtain the down/upgoing coefficients of
all layers by substituting (A26) into (A19) and (A20).

Case 2 (the Down/Upgoing Coefficients
for h = 0)

When the source is located on the free surface (S =
1 and & = 0), we need to slightly modify our formula-
tion. We first derive all modified and generalized R/T
coefficients using equations (A18) and (A22), respec-

Y. Hisada

tively. Second, instead of (A23), we use the following
source condition:

S'h=0)=AQ,, (g=xy0rz). (A28)

Substituting (A28) and (A20) in equation (A1) of the
first layer, we get the downgoing coefficient in the first
layer

Ci = (Ey + EX AL0) RP) ' AQ,,

(g =x,y, orz). (A29)

All the other coefficients are obtained by (A20).

Case 3 (the Down/Upgoing Coefficients

for h = zVY)

When the source is located in the underlying half-
space (S = N + 1 and h = ), we first divide the
underlying half-space into the upper layer (V¥ + 17) and
the lower half-space (N + 1) at the source depth, and
then derive the modified and generalized R/T coeffi-
cients for all boundaries between adjacent layers using
equations (A18) and (A21). Second, we introduce “the
stress discontinuities” at the boundary, as done in (A23).

{DNH+(h)} {DNJrr(h)} { . }

N+1* = N+1~ + ’

ST (h) N ()] AQ,
(g ==x,y,orz). (A30)

In the lower half-space (N + 17), since only the
downgoing waves exist,

SHARMEE (1))

Using equation (Al) forthe N + 1- and N + 17
layers and considering (A30) and (A31), we finally ob-
tain the down/upgoing coefficients of the two layers

Cﬁ”l_(h) — (BN+1+DN+1- _ BN+1‘)—I AQq’

(A31)

(g==x,y,o0rz)
Ci 'y = DY CI(h, (A32)
where
AV = EYTATTT W RP + EYY, AV = EN
BY' = B3 AT (R + EY, BV = Ey
DVl = (AN AN (A33)

The all other coefficients are obtained from (A19).

Appendix B
Asymptotic Solutions of the Displacement-Stress
Vectors

We derive the asymptotic solutions of the displace-
ment-stress vectors at large wavenumbers, using the



An Efficient Method for Computing Green’s Functions for a Layered Half-Space

equations given in Appendix A. Since the dynamic dis-
placement-stress vectors converge to the static ones with
increasing wavenumber as shown in Luco and Apsel
(1983), we use the static displacement-stress vectors in
the following.

As k tends toward infinity, the highest orders of k
in equation (Al1) and (A13) are

41 and E4, — o(kY),

E%, and E%, — o(k"). (B1)
Those in (A12) and (Al4) are
A, — o(k%) (for z = zY"P) or 0 (for z # z97Y),
A — o(k% (for z = 29y or 0 (for z # Z¥). (B2)

Case 1 (the Down/Upgoing Coefficients for 2 # 0
and h = z%7Y)

From (B1) and (B2), we find the modified R/T
coefficients given in (A18) converge to zero with in-
creasing wavenumber

R(O)-—>O,
T RO, TP, andRY—0, (j=1,2,...,N—1)

T4 and RY” — 0. (B3)
Therefore, the generalized R/T coefficients given in (A21)
and (A22) also

RO 0,

79, RO TY, andRY -0, (j=1,2,..,N—1)

T% and RY — 0. (B4)
This indicates that the amplitudes of all the reflected and
transmitted waves from boundaries converge to zero with
wavenumber.

On the other hand, the highest orders of k of the
source term in (A24) and (A25) are

AQ,— o(k"), (g = %, y, and 2). (BS)

Using (B2) and (B4), those of the coefficients in (A27)
are

A > Efz - O(ko)’ At — Efl I O(ko),
B = E5—o(k), B — Ej — ok,
D’ — o(k°). (B6)

Therefore, the orders of the down/upgoing coefficients
of the S~ and S* layers in (A26) are
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Ci — oK), Ci" — oK),
ci—0, CI*—o. (B7)
Substituting (B1) and (B7) into (Al) of the S~ and

S™ layers, we get the highest orders of k of the displace-
ment-stress vectors in the source layers

{Ds_(z;h)}_é [o(ko) o(ko)] [Ai‘(z) 0 ] { 0 }
S5 (z,h) o(k") o(k") 0 A5 (2) | Lo(k®
. {o(k") Ai“(z)}
olk") A ()}
{D“(z;h)} [o(ko) o(ko)] [Af,*(z) 0 ] { 0 }
—>
55 (z,h) o(k") o(k") 0 A5 (@) | Lo(k%

{a(k") Ai+<z)}
i d .

BS
o(k") Ay (2) B9

Case 2 (the Down/Upgoing Coefficients
for h = 0)

Similarly, we obtain the highest orders of k of the
displacement-stress vectors in the source layer (the first
layer)

{D‘(z;h)} l:o(ko) o(ko)] [A;(z) 0 ] { 0 }
ﬁ
S'(z,h) o(k") o(k" 0 Al ]lo®®
. {o(ko) A},(z)}
oK"Y Axz))

Case 3 (the Down/Upgoing Coefficients
for h = %Y

(B9)

Similarly, we obtain
{D”“‘(z;h)} [o(k") o(k°)] [Aﬁ“(z) 0 ]
- d -
S”“_(z,h) o(k‘) o(k‘) 0 A’,)’“ 2

{ 0 } {o(k") A’,,V“'(z)}
. —

o(K°) oY AV ()’
{D”“*(z;h)} {o(k") AT (2) o(k")}

SYY (z3h) o(k") AY*(2) o(k")

. Bl
oK) AT (2) B10)

{o(k") A;V“*(z)}
— .

Using the equations from (B8) to (B10) and (A12)
and (A14), we can summarize the asymptotic solutions

of the displacement-stress vectors for the source layer in
the following forms:
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i A+ Kkz—hB
;‘— of + - ~ | I = } exp{—k|z - h’|}’
Vivh k(C + klz — h|D)
(for P-SV wave)

Hf— or + E'
- oF exp{—klz — A}. (for SH wave)

H.g— or +

(B11)

where A through F are constant values.

From (B11), we see that the displacement vectors
converge and the stress vectors increase linearly with k,
in the case of z = h, while all displacement-stress vec-
tors slowly converge to zero as exponential functions in
the case z close to 2. On the other hand, when the re-
ceiver z is located in a layer other than the source layer,
the displacement-stress vectors converge more quickly to
zero. This is because the all R/T coefficients converge
to zero, as seen in (B3) and (B4).

Appendix C

In order to obtain equations (15) and (16), we use
the following relations. Most of those are easily derived
by differentiating equation (5) with respect to z and/
orr.

S, EE{ = f [exp{—k|z — Al} Jo(kr)] dk
0

Y. Hisada

|z—h

R3

(z — h)* 1

{3 ' 1} R

= J' lexp{—k|z — [} K:To(kr)] dk
0

R—|z-H [ Jy(k
S4E——-|%—-|=f [exp{—k|z—h|}—1£k—rz] dk
0

R—|z-4
SSE—z
rR

S, =

_ J (exp{—klz  H} kloCkn)] dk
0

n
w
fl

f [exp{—k|z — |} J,(kn)] dk
o

Sem = f [exp{—Kiz — h]} kJ,(kn)) dik
0

rlZR—S i = f [exp{—k|z — A[} &* J (k)] dk
0

§;,=3

where R = VP + (z — hy.
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